In this paper, we generalize the concept of strong quantum nonlocality from two aspects. Firstly in C d ⊗ C d ⊗ C d quantum system, we present a construction of strongly nonlocal quantum states containing 6(d−1) 2 orthogonal product states, which is one order of magnitude less than the number of basis states d 3 . Secondly, we give the explicit form of strongly nonlocal orthogonal product basis in C 3 ⊗ C 3 ⊗ C 3 ⊗ C 3 quantum system, where four is the largest known number of subsystems in which there exists strong quantum nonlocality up to now. Both the two results positively answer the open problems in [Halder, et al., PRL, 122, 040403 (2019)], that is, there do exist and even smaller number of quantum states can demonstrate strong quantum nonlocality without entanglement.
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I. INTRODUCTION
Quantum nonlocality, as one fundamental property of quantum mechanics, has always received widespread consideration. Generally speaking, quantum entanglement and the violation of Bell inequality are the usual evidences to show the existence of quantum nonlocality. But in recent years, the local discrimination of quantum states, see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] for an incomplete list, has been widely used to assure quantum nonlocality. That means, if the shared quantum state, which is chosen from a known set of quantum states, cannot be distinguished by Alice and Bob using local operations and classical communication, there will be quantum nonlocality existed. Especially the local indiscrimination for product states presents the phenomenon, i.e., quantum nonlocality without entanglement.
Actually until last year, almost all the above references focus on the local discrimination of bipartite quantum states, entangled or not. For tripartite quantum states, Halder et al. came up with strong quantum nonlocality without entanglement [16] , and presented two explicit strongly nonlocal sets of quantum states in C 3 ⊗ C 3 ⊗ C 3 and C 4 ⊗ C 4 ⊗ C 4 quantum system, respectively. In their opinion, there exists strong quantum nonlocality if for tripartite quantum states, they are locally irreducible in every bipartition. This definition is natural and reasonable, but it seems not so exhaustive for more than tripartite quantum states. In ref. [17] , Zhang et al. gave a more general definition of strong quantum nonlocality for multipartite quantum states, that is, "In C d1 ⊗C d2 ⊗· · ·⊗C dn , n ≤ 3, a set of orthogonal quantum states is strongly nonlocal if it is locally irreducible in every (n − 1)-partition, where (n − 1)-partition means the whole quantum system is divided into n − 1 parts." Just as they have discussed in [17] , the strength of * yuanpei@ict.ac.cn † tianguojing@ict.ac.cn ‡ sunxiaoming@ict.ac.cn nonlocality of a set of states which is locally irreducible in every j-partition is more than another set of states which is locally irreducible in every (j + 1)-partition. In other words, if a set of multipartite quantum states is irreducible in every bipartition, then this set is also irreducible in every more than two partition. That means, the quantum nonlocality of a set of quantum states which is locally irreducible in every bipartition is the strongest. Actually this is exactly the original definition of "strong quantum nonlocality" in [16] , and what we will discussed is this strong quantum nonlocality of multipartite quantum product states.
As known, there have already existed two bases in tripartite quantum systems, specifically C 3 ⊗ C 3 ⊗ C 3 and C 4 ⊗ C 4 ⊗ C 4 quantum system respectively, which are strongly nonlocal, but the construction for general tripartite system is still unknown. In [17] , Zhang et al. have presented a set of four-partite product states which is locally irreducible in every tripartition, but they do not explain whether it is strongly nonlocal or not in our definition. Thus the two open problems in [16] are still open, those are, (1) Can we construct strongly nonlocal quantum product states, even incomplete orthogonal product basis, in general C d ⊗ C d ⊗ C d quantum system?
(2) Can we construct strongly nonlocal quantum product states in more than tripartite quantum systems?
Fortunately in this paper, we solve these two questions and give positive answers. Firstly, we build 6(d − 1) 2 strongly nonlocal quantum product states in general C d ⊗ C d ⊗C d system, which is one order of magnitude less than the whole dimension d 3 . Specifically in C 3 ⊗ C 3 ⊗ C 3 , C 4 ⊗ C 4 ⊗ C 4 , the number decrease from the original 27, 64 to 24, 54. And obviously, as the dimension increasing, the number will decrease more and more. Further, these are the first incomplete orthogonal product bases which are strongly nonlocal. Secondly, we study the strongest quantum nonlocality in four-party systems. And in C 3 ⊗ C 3 ⊗ C 3 ⊗ C 3 quantum system, we are able to present the explicit form of truly strongly nonlocal sets of orthogonal quantum product states.
The rest of this paper is organized as follows. In Section II, we present two necessary definitions of strong nonlocality. In Section III, we propose the strongly nonlocal quantum state sets in C d ⊗ C d ⊗ C d quantum system. In Section IV, we show two sets of strongly nonlocal quantum state sets in C 3 ⊗C 3 ⊗C 3 ⊗C 3 quantum system. Finally, we summarize in Section V.
II. PRELIMINARIES
In this section, we will review two definitions which are used through the following sections. The first is the definition of local irreducibility, based on which we can explain the second definition of strong nonlocality.
Definition 1 (Local irreducibility, [16] ). A set of orthogonal quantum states is locally irreducible if it is not possible to eliminate one or more quantum states from the set by nontrivial orthogonality-preserving local measurements.
The so-called "measurement" through our paper is a POVM measurement if there is no special explanation. A measurement is nontrivial if at least one POVM element is not proportional to the identity operator. Otherwise, we call it a trivial measurement. Based on Definition 1, now we can review the formal definition of strong nonlocality in [16] as below, which is the strongest case in [17] .
Definition 2 (Strong nonlocality, [16] ). A set of orthogonal product states {|ψ ∈ H = n i=1 H i ||ψ i = |α i 1 |β i 2 · · · |γ n , |α i 1 ∈ H 1 , |β i 2 ∈ H 2 · · · |γ n ∈ H n } is strongly nonlocal if it is locally irreducible in every bipartition, where n ≥ 3 and dim H i ≥ 3 for i = 1, . . . , n.
Next we will explain the relationships among strong nonlocality, local irreducibility and nonlocality by two detailed examples. The reason why we referred nonlocality is the fact that most researchers have focused on this topic before. Actually the strength of local irreducibility is between strong nonlocality and nonlocality. Firstly, local irreducibility is stronger than nonlocality, that is, a locally irreducible set is locally indistinguishable but not vice versa. The following example is a set which is locally indistinguishable but is locally reducible. Consider a set of orthogonal product states in C 6 ⊗ C 6 :
The above set is locally indistinguishable because a subset of these states is locally indistinguishable [1] . However, if Alice perform a local measurement { 2 i=0 |i i|, 5 i=3 |j j|}, half of above states will be eliminated. Namely, this set of states are locally reducible.
Secondly, a locally irreducible set is not a strongly nonlocal set in general. Consider a set of orthogonal product states in
The above set is locally irreducible, which was shown in [16] . However, if we perform measurement {|0 |1 0| 1| + |0 |2 0| 2|, I − (|0 |1 0| 1| + |0 |2 0| 2|)} in a composite space H A ⊗ H B , then we can eliminate at least one quantum state. That means, the set is locally reducible in bipartition "AB|C", which does not satisfy the condition of strong nonlocality.
In this section, we will construct a set of strongly nonlocal orthogonal product states (OPS) in
i=0 , and in our paper |i ± j denotes the state 1 √ 2 (|i ± |j ). We consider the following OPS in
where 1 ≤ i, j ≤ d − 1 and i = j. Note that the set (1) is invariant under cyclic permutation of the three parties A, B and C. On the account that local irreducibility is a sufficient condition for strong nonlocality, we first show that these states are locally irreducible in Lemma 3.
Proof. Through the definition of local irreducibility, we need to illustrate the impossibility of eliminating one or more quantum states by nontrivial measurements. If there is even no nontrivial measurements existed to preserve orthogonality, then the states set must be locally irreducible. Consider the subset of OPS (1):
It is obvious that if any orthogonality-preserving local measurement turns out to be trivial for the quantum states set (2), then the satisfied measurement for the quantum states set (1) also must be trivial, so the local irreducibility of the quantum states set (1) can be proved.
We now show that any orthogonality-preserving local POVM perform either on A, B or C must be trivial.
First, we assume Alice goes first. Let POVM {Π A } denote a general orthogonality-preserving measurement on A. Each POVM element can be written as a d × d matrix in the {|0 , · · · , |d − 1 } basis of H A generally:
The measurement must leave the postmeasurement states mutually orthogonal. By setting the the inner product
As the diagonal elements of Π A are all equal and the off-diagonal elements are all zero, Π A must be proportional to the identity. Therefore, Alice can not go first. Since quantum states set (2) are invariant under cyclic permutation of the parties, Bob and Charlie can not go first either. This completes the proof of the lemma.
Lemma 3 shows the local irreducibility of states (1), which also implies quantum nonlocality. Next, we sill show their local irreducibility in every bipartition, which can assure the strong nonlocality of (1) in Theorem 4.
Proof. Since quantum state set (1) is invariant under cyclic permutation of the parties, we only need to consider the bipartition A|BC. We will show that any orthogonality-preserving local POVM performed either on A or BC together must be trivial. In bipartition A|BC, the state set (1) takes the form:
According to Lemma 3, Alice can not go first. We consider whether it is possible to initial a local protocol by performing some non-trivial POVM on BC. Let {Π BC } be a general orthogonal-preserving measurement on BC. Each POVM element can be written as a
All above discussion illuminates that all off-diagonal elements of Π AB are equal to 0.
Moreover, for state |α 1,2
That is, all the diagonal elements of Π BC are equal.
As the diagonal elements of Π BC are all equal and the off-diagonal elements are all zero, Π BC must be proportional to the identity. Hence, BC can not go first. This completes the proof of theorem.
Up to now, we have constructed 6(d−1) 2 strongly nonlocal OPS in C d ⊗ C d ⊗ C d quantum system. The number of constructed states is one order of magnitude less than the dimension of whole space d 3 , which is the number of existed strongly nonlocal product states. Especially, we present 24 and 54 strongly nonlocal OPB in C 3 ⊗ C 3 ⊗ C 3 and C 4 ⊗ C 4 ⊗ C 4 , which is 3 and 10 fewer than states proposed in [16] respectively. This gives a positive answer to one open problem in [16] that "whether incomplete orthogonal product bases can be strongly nonlocal". Theorem 4 also illuminates that local implementation of a three-party separable measurement in general threeparty space can not be realized unless uses entanglement across all bipartitions.
IV. STRONGLY NONLOCAL ORTHOGONAL PRODUCT STATES IN GENERAL SYSTEM
Ref. [16] leaves another open problem that how to construct strongly nonlocal OPS in multiparty systems? In [17] , a set of 'strongly nonlocal' OPS was proposed in a specific four-party system. However, the presented set is not a strongly nonlocal set defined in this paper. Since only part of bipartitions are consider in [17] , it is a partial answer for this open question.
In this section, we will construct a set of strongly nonlocal orthogonal product states in specific four-party systems:
The strong nonlocality has not been considered in previous works. Here similarly, let |i ± j |k ± l denote quantum states 1 2 (|i + |j )(|k + |l ), 1 2 (|i + |j )(|k − |l ), 1 2 (|i − |j )(|k + |l ) and 1 2 (|i − |j )(|k − |l ). The strongly nonlocal orthogonal product basis (OPB) in C 3 ⊗ C 3 ⊗ C 3 ⊗ C 3 is described as follows:
Firstly, we will show states (3) are locally irreducible.
Proof. Consider the subset of OPB (3): |ψ 1,2 = |1 |1 |0 |1 ± 2 |ψ 13,14 = |1 |0 |1 ± 2 |1 |ψ 3,4 = |2 |2 |1 |2 ± 0 |ψ 15,16 = |2 |1 |2 ± 0 |2 |ψ 5,6 = |0 |0 |2 |0 ± 1 |ψ 17,18 = |0 |2 |0 ± 1 |0 |ψ 7,8 = |0 |1 ± 2 |1 |1 |ψ 19,20 = |1 ± 2 |1 |1 |0 |ψ 9,10 = |1 |2 ± 0 |2 |2 |ψ 21,22 = |2 ± 0 |2 |2 |1 |ψ 11, 12 = |2 |0 ± 1 |0 |0 |ψ 23,24 = |0 ± 1 |0 |0 |2 (4) We will show that any orthogonality-preserving local POVM perform either on A, B, C or D must be trivial. Let the POVM {Π A } be a general orthogonal-preserving measurement on A. Each POVM can be written as a 3 × 3 matrix on the {|0 , |1 , |2 } basis of H A :
a 0,0 a 0,1 a 0,2 a 1,0 a 1,1 a 1,2 a 2,0 a 2,1 a 2,2   ∈ C 3×3 .
If Alice's measurement leaves the states orthogonal, then for |ψ 5 and |ψ 13 , ψ 5 |Π A ⊗ I B ⊗ I C ⊗ I D |ψ 13 = 0. Thus, a 0,1 = a 1,0 = 0. Similarly, for |ψ 3 , |ψ 17 and |ψ 1 , |ψ 15 , we can obtain a 0,2 = a 2,0 = 0 and a 1,2 = a 2,1 = 0 respectively. For |ψ 19 and |ψ 20 , ψ 19 |Π A ⊗I B ⊗I C ⊗I D |ψ 20 = 0 implies a 1,1 = a 2,2 . Similarly, for |ψ 21 and |ψ 22 , we can obtain a 2,2 = a 0,0 . Namely, if Alice goes first, the POVM element Π A is proportional to the identity, which is a trivial POVM element. Hence, Alice can not go first. Since the quantum states (4) are invariant under the cyclic permutation of the parties, Bob, Charlie and Eve can not go first. This completes the proof of the lemma.
Lemma 6. In every bipartition, i.e., AB|CD, AC|BD and AD|BC, orthogonal product states (3) are locally irreducible.
Proof. Consider the subset of OPB (3): |φ 1,2,3,4 = |0 |1 |0 ± 1 |0 ± 2 |φ 5,6,7,8 = |1 |2 |1 ± 2 |1 ± 0 |φ 9,10,11,12 = |2 |0 |2 ± 0 |2 ± 1 |φ 13, 14, 15, 16 = |1 |0 ± 1 |0 ± 2 |0 |φ 17, 18, 19, 20 = |2 |1 ± 2 |1 ± 0 |1 |φ 21,22,23,24 = |0 |2 ± 0 |2 ± 1 |2 |φ 25,26,27,28 = |0 ± 1 |0 ± 2 |0 |1 |φ 29,30,31,32 = |1 ± 2 |1 ± 0 |1 |2 |φ 33,34,35,36 = |2 ± 0 |2 ± 1 |2 |0 |φ 37,38,39,40 = |0 ± 2 |0 |1 |0 ± 1 |φ 41,42,43,44 = |1 ± 0 |1 |2 |1 ± 2 |φ 45,46,47,48 = |2 ± 1 |2 |0 |2 ± 0 (5)
We will show quantum states (4) and (5) 
For |ψ 5 and |ψ 21,22 , let ψ 5 |Π AB ⊗ I C ⊗ I D |ψ 21,22 = 0.
We have a 00,22 ± a 00,02 = 0 which implies a 00,22 = a 00,02 = 0. For |φ 17, 19 and |φ 25,26,27,28 , let φ 17,19 |Π AB ⊗ I C ⊗ I D |φ 25,26,27,28 = 0. We have (a 21,00 + a 21,02 + a 21,10 + a 21,12 )± (a 22,00 + a 22,02 + a 22,10 + a 22,12 ) = 0 (a 21,00 − a 21,02 + a 21,10 − a 21,12 )± (a 22,00 − a 22,02 + a 22,10 − a 22,12 ) = 0 (a 21,00 + a 21,02 − a 21,10 − a 21,12 )± (a 22,00 + a 22,02 − a 22,10 − a 22,12 ) = 0 (a 21,00 − a 21,02 − a 21,10 + a 21,12 )± (a 22,00 − a 22,02 − a 22,10 + a 22,12 ) = 0 which implies a 21,00 = a 21,02 = a 21,10 = a 21,12 = a 22,00 = a 22,02 = a 22,10 = a 22,12 = 0. Similarly, we can obtain the off-diagonal elements of Π AB are all equal to 0.
Let φ 25 |Π AB ⊗ I C ⊗ I D |φ 26,27,28 = 0, we can obtain a 00,00 = a 02,02 = a 10,10 = a 12,12 . Let φ 29 |Π AB ⊗ I C ⊗ I D |φ 30,31,32 = 0, we can obtain a 11,11 = a 10,10 = a 21,21 = a 20,20 . Let φ 33 |Π AB ⊗ I C ⊗ I D |φ 34,36,36 = 0, we can obtain a 22,22 = a 21,21 = a 02,02 = a 01,01 . Since all the diagonal elements of Π AB are equal, Π AB is proportional to an identity. Namely, Alice and Bob can not go first. Since quantum states (4) and (5) are invariant under permutation, Charlie and Eve can not go first. That is, under the partition AB|CD, quantum states (4) and (5) Proof. Consider the subset of (3): |ϕ 1 = |1 |0 |1 |0 |ϕ 4 = |0 |1 |0 |1 |ϕ 7 = |0 |0 |0 |0 |ϕ 2 = |2 |1 |2 |1 |ϕ 5 = |1 |2 |1 |2 |ϕ 8 = |1 |1 |1 |1 |ϕ 3 = |0 |2 |0 |2 |ϕ 6 = |2 |0 |2 |0 |ϕ 9 = |2 |2 |2 |2 (6) We will show quantum states (3) (i.e., (4), (5) and (6) ) are irreducible in partition A|BCD, B|ACD, C|ABD and D|ABC. We only consider the partition A|BCD because (3) 
If measurement leaves the states orthogonal, then for |ψ 23 and |ϕ 7 , ψ 23 |I A ⊗ Π BCD |ϕ 7 = 0. Hence, c 022,000 = 0.
For |φ 1,2,3,4 and |φ 21,22,23,24 , let Combine Lemma 6 and Lemma 7, we obtain the strong nonlocality of orthogonal product basis (3) , which is exactly the following Theorem 8.
are strongly nonlocal.
V. SUMMARY
In summary, we have extended the previous known constructions of strongly nonlocal sets to 6(d − 1) 2 -size sets in general three-party systems C d ⊗ C d ⊗ C d , which decrease one order of magnitude from the whole dimension d 3 . Specifically in C 3 ⊗ C 3 ⊗ C 3 and C 4 ⊗ C 4 ⊗ C 4 quantum system, we can see the gap much clearer. Furthermore, we also construct strongly nonlocal sets in specific four-party systems in C 3 ⊗C 3 ⊗C 3 ⊗C 3 . These results answer two open questions in [16] positively.
Note that in our examples, we can not locally realize the four-party measurements even by unlimited entangled source. This paper have left some interesting questions for furture works. Is there any general construction of strongly nonlocal OPS in any Hilbert space C d1 ⊗ C d1 ⊗ · · · ⊗ C dn ? Moreover, can we find a smallest strongly nonlocal set in C 3 ⊗ C 3 ⊗ C 3 , more generally in any tripartite systems.
Since under the cyclic permutation of the parties, the bipartition AB|CD is the same as bipartion AD|BC, we only discuss the cases AB|CD and AC|BD. Here, we only consider a subset of (3): (4) and (5) .
For bipartition AB|CD, let POVM {Π AB } denote a general orhthogonal-preserving measurement on composite space AB:
a 00,00 · · · a 00,22 . . . . . . . . . a 22,00 · · · a 22,22
Since the measurement leaves the postmeasurement states mutually orthogonal, all off-diagonal elements of Π AB are equal to zero. See details in Table I = 0, we obtain a 00,00 = a 01,01 = · · · = a 22,22 . Since Π AB is proportional to an identity operator, AB can not go first. Because composite space AB is the same as composite space CD, CD can not go first. Hence, in bipartition AB|CD, (3) is locally irreducible. Quantum states (4) and (5) are the same in bipartition AD|BC and AB|CD, therefore (3) is locally irreducible in bipartition AD|BC.
For bipartition AC|BD,let POVM {Π AC } denote a general orthogonal-preserving measurement on composite space AC:
As the post measurement states leave pairwise orthogonal to each other, all off-diagonal elements of Π AC are all equal to zeros. Table II b00,20, b00,22, b10,20, b10,22 b20,00, b22,00, b20,10, b22,10 4 |φ1,3 , |φ29,31 b00,11, b00,21, b01,11, b01,21 b11,00, b21,00, b11,01, b21,01 5 |φ5,7 , |φ33,35 b11,22, b11,02, b12,22, b12,02 b22,11, b02,11, b22,12, b02,1 6 |φ9,11 , |φ37,39 b22,01, b22,21, b20,01, b20,21 b01,22, b21,22, b01,20, b21,20 7 |φ13,14 , |φ37,39 b10,01, b10,21, b12,01, b12,21 b01,10, b21,10, b01,12, b21,12 8 |φ1,3 , |φ13,14 b00,10, b00,12, b10,00, b12,00 9 |φ5,7 , |φ17,18 b11,20, b11,21, b12,20, b12,21 b20,11, b21,11, b20,12, b21,12 10 |φ9,11 , |φ21,22 b22,02, b20,02, b02,22, b02,20 11 |ψ23,24 , |φ21,22 b00,01, b00,02, b01,00, b01,00 12 |ψ19,20 , |φ13,14 b11,10, b11,12, b10,11, b12,11 13 |ψ11 , |φ33,35 b20,22, b22,20 post measurement states preserve orthogonality, all diagonal elements of Π AC are equal, see in Table III .
No. States Elements 1 |ψ19,20 b11,11 = b21,21 2 |ψ21,22 b22,22 = b02,02 3 |φ1,3 b00,00 = b01,01 4 |φ5,7 b11,11 = b12,12 5 |φ9,11 b22,22 = b20,20 6 |φ13,14 b10,10 = b12,12 7 |φ17,18 b21,21 = b20,20 8 |φ21,22 b02,02 = b01,01 Sine Π AC is proportional to an identity operator, AC can not go first. Since composite space AC is the same as composite space BD, BD can not go first. Hence, (3) is locally irreducible in bipartition AC|BD. This completes the proof of Lemma 6. 
